The similarity transformations of quantum orthogonal groups are developed and FRT theory is reformulated to the Cartesian basis. The quantum orthogonal Cayley-Klein groups are introduced as the algebra functions over an associative algebra with the nilpotent generators. The quantum orthogonal Cayley-Klein algebras are obtained as the dual objects to the corresponding quantum groups.
Introduction
The simple quantum groups and algebras are described by FRT theory [1] . Although the quantum group as a mathematical structure is not a group at all but it is a Hopf algebra, nevertheless there are many parallel features for both group and quantum group.
In group theory there is a remarkable set of groups, namely the motion groups of 3 n n-dimensional spaces of constant curvature or the orthogonal Cayley-Klein (CK) groups [2] . The classical simple orthogonal groups SO(n), the semisimple pseudoorthogonal groups SO(p, q) and nonsemisimple groups such as Euclidean E(n), Poincare P (n), Galileian G(n) are in this set. The nonsemisimple groups may be obtained from the simple (or semisimple) one's by the well known procedure of contraction [3] . On the other hand the set of CK groups may be described in uniform manner with the help of pure algebraical methods [2] .
In the present paper we apply this approach for description of quantum (nonsemisimple) orthogonal CK groups and corresponding quantum algebras. As it turned out slightly modified FRT theory is suitable for this purpose: it is enough to replace the complex number field C by the dual algebra Dn(ι; C) with the nilpotent generators.
The contents of this work is as follows. The dual algebra Dn(ι; C) is briefly described in Sec.2. The linear transformations of generators of 1 quantum orthogonal group are regarded in Sec.3 and the description of SOq(N ; C) is given. In Sec.4 the quantum Cayley-Klein groups SOv(N ; j) are introduced as Hopf algebra of the noncommutative functions with dual variables. Quantum Cayley-Klein algebra sov(N ; j) are cosidered in Sec.5 as the dual object to the SOv(N ; j). The developed theory is illustrated by the N=3 example of quantum group and algebra in Sec.6.
Dual algebra D n (ι; C)
Dual algebra Dn(ι; C) is defined as an associative algebra with unit and nilpotent generators ι1, . . . , ιn, ι 2 k = 0, k = 1, . . . , n with commutative multiplication ι k ιm = ιmι k , k = m. The general element of Dn(ι; C) has the form
For n = 1 we have D1(ι1; C) ∋ a = a0 + a1ι1, i.e. dual (or Study) numbers, when a0, a1 ∈ R. For n = 2 the general element of D2(ι1, ι2; C) is written as follows: a = a0 + a1ι1 + a2ι2 + a12ι1ι2. Divisions a/ι k , a ∈ R, C, and ιm/ι k , k = m are not defined, but division of a dual unit by itself is equal to real unit ι k /ι k = 1. A function of a dual argument is defined by its Taylor expansion
The well known Grassmann algebra Γn(ξ) is the algebra with nilpotent generators ξ 2 k = 0, k = 1, . . . , n and anticommutative multiplication ξ k ξm = −ξmξ k , k = m. It is easy to verify that the product of two generators of Grassmann algebra has the same algebraic properties as the generator of dual algebra ι k = ξ k ξ n+k , k = 1, . . . , n. This means that the dual algebra is the subalgebra of even part of Grassmann algebra Dn(ι; C) ⊂ Γ2n(ξ).
3 Cartesian basis for SO q (N ; C)
According with FRT theory [1] of quantum groups let us regard an algebra C t ik of noncommutative polynomials of N 2 variables t ik , i, k = 1, . . . , N over complex number field C. For well known [1] 
where T1 = T ⊗ I, T2 = I ⊗ T ∈ M N 2 (C tij ). There are additional relations of q-orthogonality
where
, . . . , ), for N = 2n + 1 (n − 1, n − 2, . . . , 1, 0, 0, −1, . . . , −n + 1), for N = 2n.
and the only nonzero elements of matrix C0 ∈ MN (C) are real units on the second diagonal (C0) ik = δ i ′ k , i ′ = N + 1 − i. The quantum orthogonal group SOq(N ; C) is defined as the quotient
¿From the algebraic point of view SOq(N ; C) is a Hopf algebra with the following coproduct ∆, counit ǫ and antipode S :
For q = 1 Eq. (3) is the orthogonality condition written with the help of matrix C0 and the set of matrices T is the orthogonal group SO(N ; C) in so-called "symplectic" basis. We shall call SOq(N ; C) described by Eqs. (2)- (5) as the orthogonal quantum group in symplectic basis.
One of the solutions of matrix equation
have the form
whereC0 ∈ Mn(C) is the matrix with the real units on the second diagonal. For the nondeformed case q = 1 the equation
define the similarity transformation of the orthogonal matrix from symplectic to Cartesian basis. So we shall call the linear transformation (9) of generators of quantum group SOq(N ; C) as transformation to the Cartesian basis. It is easy to reformulate Eqs. (2)- (5) to the new basis. Commutation relations of Cartesian (or rotation) generators U = (u ik )
is now the nontriangular matrix. The additional relations of q-orthogonality are as follows
. . , ρn) ∈ Mn(C), for N = 2n+1 and without middle column and row for N = 2n.
The orthogonal quantum group SOq(N ; C) in Cartesian basis is described by the quotient
and is Hopf algebra with the following coproduct ∆, counit ǫ and antipode S :
4 Quantum CK groups SO v (N ; j) as matrix groups over dual algebras D N −1 (ι).
Orthogonal Cayley-Klein (CK) groups SO(N ; j) (or motion groups of spaces of constant curvature) [2] are realized in the Cartesian basis as the matrix groups over DN−1(ι) with the help of the special matrices
(16) These matrices are satisfied the following j-orthogonality relations:
In the symplectic basis the orthogonal CK groups are described by the matrices
with the additional relations of j-orthogonality
The matrix D in Eqs. (18) is given by Eqs.(8).
For example matrices from CK group SO(3; j) in Cartesian basis are
and in symplectic basis are
We shall regard the quantum deformations of the contracted CK groups, i.e. j k = 1, ι k . We shall follow to FRT theory [1] , but instead of the algebra C t ik our starting point is D t ik -the algebra of noncommutative polynomials of N 2 variables t ik , i, k = 1, . . . , N over dual algebra DN−1(ι). In addition we shall transform the deformation parameter q = exp z as follows:
where v is the new deformation parameter.
In symplectic basis the quantum CK group SOv(N ; j) is produced by the generating matrix T (j) ∈ MN (D t ik ) equal to B(j) (18) for q = 1. The noncommutative entries of T (j) obey the commutation relations
and the additional relations of (v, j)-orthogonality
where lower triangular R-matrix Rv(j) and C(j) are obtained from Rq and C, respectively, by substitution Jv instead of z :
Then the quotient
is Hopf algebra with the coproduct ∆, counit ǫ and antipode S :
(27) In Cartesian basis the quantum CK group SOv(N ; j) is generated by U (j) = (J ik u ik ) ∈ MN (D u ik ) with the commutation relations
and additional relations of (v, j)-orthogonality
The quotient
is Hopf algebra with the following coproduct ∆, counit ǫ and antipode S :
5 Quantum CK algebras so v (N ; j) as a dual to SO v (N ; j).
According to FRT theory [1] the dual space Hom(SOv(N ; j), C) is an algebra with the multiplication induced by coproduct ∆ in SOv(N ; j)
l1, l2 ∈ Hom(SOv(N ; j), C), a ∈ SOv(N ; j). Let us formally introduce N × N upper (+) and lower (−) triangular matrices L (±) (j) as follows: it is necessary to put j Formally the matrices L (±) (j) are not defined for j k = ι k , since ι −1 k do not exist, but if we give an action of the matrix functionals L (±) (j) on the elements of SOv(N ; j) by the duality relation
then we shall have well defined expressions even for dual values of the parameters j k . The elements of L (±) (j) satisfy the commutation relations
and additional relations
An algebra sov(N ; j) = {I, L (±) (j)} is called quantum CK algebra and is Hopf algebra with the following coproduct ∆, counit ǫ and antipode S :
It is possible to show that algebra sov(N ; j) is isomorphic with the quantum deformation of the universal enveloping algebra of the CK algebra so(N ; j), which may be obtained from the orthogonal algebra so(N ) by contractions [2] . So there are at least two ways for constraction of quantum CK algebras.
6 Example: SO v (3; j) and so v (3; j) in symplectic basis
The generating matrix for the simplest quantum orthogonal group SOv(3; j), j = (j1, j2) is in the form
The R-matrix is obtained from the standart one by Eq.(25) and is as follows 
(40) Qver the dual algebras D2(j1, j2), j1 = ι1, j2 = 1, or j1 = 1, j2 = ι2, or j1 = ι1, j2 = ι2 this R-matrix may be written in the form 
The commutation relations and additional relations of (v, j)-orthogonality may be obtained from Eqs.(23),(24) by straitforward calculations, so we shall concentrate our attention on the constraction of quantum algebra sov(3; j). The matrix functionals L ± (j) have the form
Their actions on the generators (39) of quantum group SOv(3; j) are given by Eq.(34) and are as follows:
where J = j1j2. Only nonzero expressions are written out above. According with the additional relations (37) there are three independent generators of sov(3; j), for example, l11, l12,l12. Their commutation relations follow from Eq.(36)
The quantum analogue of the universal enveloping algebra of CK algebra so(3; j) = {X01, X02, X12} with the rotation generator X02 as the primitive element of the Hopf algebra has been given in [4] . The Hopf algebra structure of sov(3; j; X02) is given by 
So the quantum orthogonal CK algebras may be constracted both as the dual to the quantum group and by the contractions of quantum orthogonal algebras.
Conclusion
Contractions are the method of receiving a new Lie groups (algebras) from the unitial ones, in particular, the nonsemisimple qroups (algebras) from the simple ones. In the traditional approach [3] this is achieved by introduction of a real zero tending parameter ǫ → 0. In our approach [2] , contractions are described by the dual valued parameters j k . In the case of FRT theory of quantum groups these contractions supplemented with the appropriate transformations of the deformation parameter lead to realization of nonsemisimple quantum qroups as Hopf algebras of noncommutative functions with dual variables. So at least in CK scheme from mathematical point of view the contraction procedure is nothing else as the replacement of complex number field C by the algebra D(ι) for both classical and guantum groups.
